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This paper presents several results on the stability of bases and frames of reproducing kernels in
model spaces based on the estimates of derivatives (Bernstein-type inequalities) recently obtained
by the author [J. Funct. Anal. 223 (2005), no. 1, 116–146; MR2139883 (2007b:46041)].
To be more specific, let Θ be an inner function on the upper half-plane C+ and let K2Θ =H2	
ΘH2 denote the corresponding model space. For λ ∈ C+, the function
kλ(z) =
i
2pi
· 1−Θ(λ)Θ(z)
z−λ
is the reproducing kernel for the point evaluation functional at λ:
f(λ) =
∫
R
f(t)kλ(t) dt
for f ∈K2Θ. A system of vectors {hn} in a Hilbert space H is a Riesz basis if {hn} is the image of
an orthonormal basis for H under a bounded, invertible linear operator on H . Equivalently, each h
in H can be written as an unconditionally convergent series h=
∑
n cnhn and there exist positive
constants A and B such that
A
∑
n
|cn|2 ≤
∥∥∥∥∥∑
n
cnhn
∥∥∥∥∥
2
H
≤B
∑
n
|cn|2.
Let {kλn} be such a basis inK2Θ, let 〈u, v〉 denote the interval with endpoints u and v, and let δ〈u,v〉
denote the Lebesgue measure on 〈u, v〉. Let G=⋃nGn ⊂ C+ satisfy the following properties: (i)
there exist positive constants c and C such that
c≤ ‖kzn‖2/‖kλn‖2 ≤ C, zn ∈Gn,
and (ii) for any zn ∈ Gn, the measure ν =
∑
n δ〈λn,zn〉 is a Carleson measure whose Carleson
constants Mν are uniformly bounded with respect to zn. The main theorem of this paper is the
following:
Theorem 1.1. Let {kλn} be a basis inK2Θ, p ∈ (1, 2), 1/p+1/q = 1. Then for any setG satisfying
(i)–(ii) there is ε > 0 such that the system of reproducing kernels {kµn} is a basis whenever µn ∈
Gn and
sup
n
1
‖kλn‖22
∫
〈λn,µn〉
‖k2z‖
2p
p+1
q |dz|< ε.
Here ε depends on p, the constants involved in the definition of G, and on the constant A, but not
on the inner function Θ.
For the case when Θ and λn satisfy supn |Θ(λn)|< 1, E. Fricain [J. Operator Theory 46 (2001),
no. 3, suppl., 517–543; MR1897152 (2003b:46033)] showed that if {kλn} is a basis in K2Θ, then
there is an ε > 0 such that {kµn} is a basis whenever supn ρ(λn, µn) < ε. Here ρ(z, w) = |(z−
w)/(z−w)| is the pseudohyperbolic distance between z and w (z, w ∈ C+).
A corollary of Theorem 1.1 is as follows:
Corollary 1.2. Let {kλn} be a basis in K2Θ and γ > 1/3. Then there is ε = ε(γ,A) such that the
system {kµn} is a basis whenever
ρ(λn, µn)< ε(1− |Θ(λn)|)γ.
As the author points out, the theorem of Fricain follows from the corollary above. An additional
corollary (Corollary 1.3) pertains to the case where Θ is a “one-component inner function” (i.e. Θ
satisfies the connected level set condition (CLS)).
Theorem 1.4 is an extension of Cohn’s theorem [W. S. Cohn, J. Operator Theory 15 (1986), no. 1,
181–202; MR0816238 (87g:47054)] on the stability of bases with real frequencies (in particular,
the Clark bases) to general inner functions.
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